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Abstract
In many situations, a previously adequate railway track foundation starts to emit stronger than
expected ground vibrations in the soil and the existing vibration mitigating solutions become
inadequate. The subsoil is the most persistent source of these issues, as track and subgrade
related causes can be addressed during maintenance cycles. Over the lifetime of the structure
the dynamic soil properties, especially in weakly bonded soft soils such as those in the Nordic
countries, will change under repeated dynamic loading from the traffic. Even for otherwise
mechanically stable piled track-slab solutions the dynamic soil properties continue to change
with on-going slow processes, such as consolidation and creep in the soft soils. Furthermore,
these slow processes themselves (timescale of years) are dependent on the cyclic loading from
the tens of thousand trains passing by. The interaction between these two processes is complex
and not fully resolved. This report presents a first step towards modelling these complex
systems by presenting a numerical methodology that captures both the slow processes via
a newly developed strain accumulation model for soft soils and the dynamic response via
time-domain based Finite Element analyses. To further study the interdependence of parameter
a framework for rigorous sensitivity analyses has been extended for use with boundary value
level FE analyses. The constitutive model and all FE analyses and scripts in the calculation
are developed for the Tochnog Professional code.
The results indicate that the permanent settlements of an embankment on clay increase with
increasing axle load (at constant loading period), but reduce with increasing train speed (at
constant axle load). The resulting changes in the subsoil, in terms of plastic strain, irreversible
degradation of bonds, have potentially profound effects on the subsequent dynamic response
of the system. The sensitivity is largest for the loading period with little interdependence
between the amplitude and the loading period, which was not expected. The sensitivity results
are consistent for all locations below the embankment considered.
The remaining challenge outstanding is a more strong coupling of the link between the
damage (or destructuration) parameter χ and the material stiffness, which requires more
experimental data. Furthermore, a more systematic sensitivity analysis of the interaction
between slow and fast processes in the soil and the effect of track configuration and soil
conditions is ongoing in a follow up project. This ultimately will lead to quantification and
spatial distribution of the changed properties in the soft soil for several loading scenarios and
its impact on the critical train velocities for the railway system above.
The measurable project impact is itemized below:
- New constitutive model for strain accumulation of soft sensitive clay;
- Framework for systematic sensitivity analyses at boundary value level;
- The resulting analysis method is likely to be used to inform future recommendations for
Geostructures as part of Östlånken;

- All calculations can be performed with the Tochnog Professional Finite Element code,
which since January 2020 is free to use for all. This dramatically improves market
adaptation.
Keywords: strain accumulation, time effects, high-speed rail, soft soils, sensitivity analyses
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1
1.1

Introduction
Background

Problem origin
In many situations, a previously adequate railway track foundation progressively starts to emit
stronger than expected low frequency ground vibrations in the soil and the existing vibration
mitigating solutions become inadequate. In addition permanent settlements of the rail head
accumulate. The subsoil is the most persistent source of these track degradation issues over
the lifetime of the structure, as track and subgrade related causes can be addressed during
maintenance cycles. A further indicator of the importance of the subsoil is that the design of
most railway tracks is largely similar for the majority of tracks in Europe, yet large differences
in observed settlements are observed. With increasing train velocities the demands for the
track-alignment, its dynamic response and the allowable tolerances over time become more
stringent. Yet, technical solutions that meet those demands should be cost-effective and robust
over time, even when the subsoil and its dynamic soil properties are slowly evolving during
track operation.

Traditional modelling strategies
Most rail track-bed modelling strategies only consider the dynamic response of the track-ballast
and subgrade without incorporating the response of the deeper soil layers, also totally ignoring
effects of groundwater. Therefore, slow processes that affect the dynamic response of the
subsoil, such as generation and dissipation of pore pressures and creep that are accelerated
under quasi-static and dynamic loading, (e.g., Coelho et al. 2011) are totally ignored. Typically,
the pores in the soil are completely saturated with water, affecting the wave propagation, which
essentially occurs as a single pressure wave and shear wave.
Often the soil behaviour is approximated with linear elastic models to study wave propagation
and dynamic track response using Finite Element (FE), Boundary Element Method (BE)
method or mixed BE/FE (Lombeart et al. 2006; Madshus and Kaynia 2000). The focus has
been on a single train passage, and the associated dynamic track response and vibrations
propagating through the environment, most notably critical track velocities (e.g., Adolfsson
et al. 1999). Most soil response under a dynamically loaded track can be considered quasi-static,
and can therefore be analysed using ordinary dynamic FE methods without explicitly modelling
the train. This allows incorporation of more advanced constitutive models for the soil, such as
those developed at Chalmers for sensitive clays.
For noise and vibration analysis the soil can be modelled as an equivalent elastic medium,
provided that the density and incompressibility of the saturated soil layers are accounted for
by equivalent Lamé coefficients (Schevenels et al. 2004). These elastic properties, however will
evolve due the slow changing processes in the soil properties from the many train passages.
It is impossible to simulate every train passage in full detail, in order to predict the slow
changing processes in the subsoil resulting from quasi-static loading. An attractive approach is
to model the effects of many passages using a strain accumulation model.
1

Strain accumulation models for ballast and soils
When complex constitutive models, specifically designed to truthfully capture each loading
cycle (e.g. those inspired by the work of Mrŏz et al. 1978), are used to solve cyclic problems
with a large number of loading cycles, O(105 ), issues related to the computational cost and
numerical convergence arise. In order to overcome these difficulties, several authors have
developed cumulative degradation models to account for the effects of cyclic plastic strains of
a large number of loading cycles (Karg et al. 2010; Li et al. 2016; Ni et al. 2014; Niemunis
et al. 2005; Pasten et al. 2014; Suiker and Borst 2003). With exception of the work of Ni
et al. (2014), all the existing models were developed for coarse grained granular materials.
Therefore, there is a lack of models suitable for simulating soft soils. The main limitation of
the model presented by Ni et al. (2014) is that it ignores fundamental soft soil features, such
as rate-dependency, anisotropy and degradation of bonding (Karstunen et al. 2005; Leroueil
and Vaughan 1990; Wheeler et al. 2003). This project aims to address these limitations by
developing an accumulation model for soft sensitive clays.

1.2

Aim

A new constitutive model, Creep-Sclay1Sc, will be developed to implicitly capture the effects
from cyclic loading of soft soils, by extending the original Creep-Sclay1S model (Sivasithamparam et al. 2015). The aim of this model it to capture the change in clay properties due
to long-term cyclic loading with a reasonable accuracy, for subsequent future use in dynamic
analyses.

1.3

Objectives

• Development of a constitutive model for cyclic loading of sensitive clay
• Model calibration against a well documented data set on intact natural sensitive clays
• Sensitivity study on the effect of loading period (train velocity) and loading amplitude
(or axle load) on the resulting model response

1.4

Limitations

• The study only focuses on quasi-static effects in natural sensitive clays
• Simplified problem geometry without explicitly modelling the foundation structure

2

2
2.1

Methodology
Introduction

After discussing some basic considerations on modelling dynamic problems using the Finite
Element Method, a new strain accumulation model that captures the permanent effects of cyclic
loading is proposed and its applicability at boundary value level demonstrated. Subsequently,
a rigorous method for sensitivity analyses is introduced for further use in conjunction with the
newly proposed model.
The main features of the methods discussed in this Chapter, i.e. the model extension for
strain accumulation and the method for sensitivity analysis have been published (or are under
review) and are elaborated in more detail in Appendix A & B.

2.2
2.2.1

Static, quasi-static and dynamic modelling of soils
using FE
Principal differences

In engineering the differences between static, quasi-static and dynamic loading are not always
fully elaborated. A static load does not change over time, examples are the self-weight of a
construction. If, on the other hand, the load is changing over time, this change in load has to
be considered. Generally, quasi-static loads change sufficiently slow that effects from inertia are
negligible, whilst for dynamic loads inertia cannot be ignored. Here, inertia is defined as the
resistance (inertial loads) of a physical object to a change of velocity (or its loading direction).
Following, the above reasoning a cyclic load can be considered a quasi-static load or a dynamic
load depending on the magnitude of the period T (or frequency f ) of the load. The faster the
load is changing (shorter period, higher frequency) the more likely inertial effects cannot be
ignored. In engineering practice this cut-off frequency is somewhat arbitrary chosen. A value
for the frequency f ≈ 10 Hz is not uncommon but lacks a sound scientific base.
The difference between quasi-static loading and dynamic loading is not just governed by
the time period over which the change occurs, also the loading amplitude matters. Hence,
the definition that the acceleration is << gravitational acceleration g (i.e. the magnitude of
the static load under self weight) is more precise. For a harmonic load with amplitude A and
angular frequency ω = 2π
= 2πf one can demonstrate that in case the product Aω 2 << g the
T
load can be considered quasi-static.
In the current report the train loads associated with a single train passage are considered
dynamic, whilst the cumulative effect of multiple trains passing over the duration of years is
considered quasi-static.

2.2.2

Dynamic modelling using FEM

The Finite Element Method is ideally suited for solving Partial Differential Equations for a
domain of arbitrary shape, using boundary conditions that vary over time with constitutive
models that simulate the evolving soil behaviour. It is not the purpose to reiterate the basic
concepts on dynamic modelling using FEM, rather at this stage it is essential to contrast the
3

differences to regular FE analyses in geotechnics, as well as elaborating that the constitutive
model (including the newly proposed model in this research) does not necessarily need any
specific considerations. For a full treatise on the topic is referred to the standard works in the
domain (e.g. Cook et al. 1989; Hughes 2012).
The material equilibrium equations that govern the dynamic response considered here
are derived by requiring the work of external forces to be absorbed by the work of internal
(proportional to displacements in the domain u), inertial (proportional to accelerations ü),
and viscous (proportional to velocity u̇) forces for any small kinematically admissible motion
(Cook et al. 1989). In the usual matrix notation used for FE this leads for a single element to:
[m]{d̈} + [c]{ḋ} + {rint } = {rext }

(2.1)

Where d are the nodal degrees of freedom that are only a function of time, as the spatial
distribution of the displacement fields u (and its derivatives) are integrated using shape
functions N, i.e.:
{u} = [N]{d} {u̇} = [N]{ḋ} {ü} = [N]{d̈}

(2.2)

The element mass matrix m and damping matrix c comprise of the volume integrated quantities
(using the shape functions) equivalent to m = ρV and c = κd V . Where ρ is the density of
the material and κd the viscous damping. The external load vector {rext } come from the
neighbouring elements and the boundary conditions (such as loads, fixities, body forces),
whereas the internal force vector {rint } represents the force (resistance) arising from the
material deformations (that result from {d}) and the constitutive model used. Subsequently,
the contribution of each element are assembled in one large system matrix before being solved.
In traditional geotechnical (quasi-) static analyses, when {d̈} and {ḋ} are negligible, only a
solution for {d} is sought where {rint } and {rext } are in equilibrium for the instance of time
(or load step) considered. In other words there is no inertia or damping considered, all external
loads are balanced by the internal forces.
In a dynamic calculation all terms in Equation 2.1 are solved numerically. There are many
approaches to achieve this, depending on the exact formulation of the problem and the solution
that is needed (modal analysis, stress wave propagation). Linear systems (where the material
model is also linear elastic) have particular advantages that allow those to be solved more
efficiently. In the current work the problem is highly non-linear due to the constitutive model
for the material, as well as the presence of a groundwater, hence the system is solved in the
time domain by calculating the state incrementally for each time step. This is computationally
expensive, in terms of calculation time, but poses no problems for two-dimensional (2D)
problems. Furthermore, the type of time integration and element type (and size) used will
influence the accuracy of the solution quite dramatically, however, for most geotechnical
problems with low frequency events a general purpose explicit or implicit solver will suffice.
It should be noted, however, that as opposed to 3D analyses a 2D analysis will not properly
capture the geometric component of the damping (radiation damping) and explicit schemes,
whilst more efficient, are not always compatible with the requirements for solving a coupled
system of equations (mechanical + hydraulic).
4

2.2.3

Effective stress models

The internal force vector {rint } in Equation 2.1 represents the forces arising from the internal
material response. In solid mechanics this is mainly the stress resulting from the deformations
behaviour in the solid material. In geotechnics this is more complicated, as now the sum of the
effective stress component and the porewater pressures contribute to this force vector. The
constitutive model proposed here relates the strain increment (deformations) to an increment
of effective stress. Depending on the nature of the implementation the pore water pressures
are calculated separately or in a coupled fashion where the effective stress and porewater
pressures are solved simultaneously using one system of equations. Furthermore, by coupling
the deformations of the solid skeleton to the generation of porewater pressures, so called
consolidation analysis, the dynamic response of both the solid and the fluid phase is captured
adequately.

2.2.4

Final message

As long the Finite Element framework used solves the complete set of equilibrium equation that
includes the inertial and viscous terms, adding the dynamic material response in a geotechnical
analysis is rather straight forward. The constitutive model for the soil does not need to be
adapted for dynamic analyses (as long a global damping matrix suffices) and the excess pore
water pressures from dynamic loading are captured as well. Only in extreme cases (large impact
loads, high frequency events) or for extreme accuracy more specialist codes should be employed.
The latter are often only incorporating linear elastic soil behaviour, hence are inadequate.
Some of those codes, however, have an improved approach to capture inertial effects of the
pore fluid more accurately, i.e., not just an undrained pore pressure wave (Zienkiewicz and
Shiomi 1984). The Tochnog Professional FE code adopted in this research has successfully
been used for dynamic problems related to railway systems (e.g., Wegener 2013; Zuada Coelho
and Hicks 2016).

2.3
2.3.1

Adding strain accumulation to Creep-Sclay1s
Experimental evidence

Currently, only few data sets are available that studies the effect of loading frequency and
loading amplitude on the response of natural sensitive clays (Li et al. 2011; Wichtmann et al.
2013). Figure 2.1 shows that the cyclic undrained triaxial tests show three main trends:
• There is a semi-logarithmic relation between the axial strain and the number of cycles
(or time), until the onset of failure;
• The number of cycles until failure reduces with increasing cyclic shear stress amplitude
A (tcy normalised with the undrained shear strength in compression scu in Figure 2.1 );
• The number of cycles until failure reduces with increasing period T (decreasing frequency
f in Figure 2.1);

5

Figure 2.1: Effect of shear loading amplitude (left) and loading period (right); (Wichtmann
et al. 2013)

2.3.2

Original model for soft soils

Soft sensitive soils have specific features that need to be incorporated in the constitutive model
in order to capture the appropriate mechanical response. Here, we follow the work of Karstunen
and co-workers who developed the SCLAY1(s) family of models that incorporate anisotropy
(strength/stiffness); destructuration (bond degradation) and creep. The rationale and model
details have been discussed in length elsewhere (e.g. Wheeler et al. 2003; Karstunen et al.
2005; Sivasithamparam et al. 2015; Gras et al. 2017; Gras et al. 2018). The most complete
model is the Creep-Sclay1s model, a 3D effective stress model that is implemented in UMAT
form. The UMAT implementations makes the model suitable for the single element strain
driver (Niemunis et al. 2005) and the FE code used here (Tochnog Professional ). A lay-person
description of the model is readily found in the Trafikverket BEST report (Karstunen and
Amavasai 2017).
In addition to anisotropy and structure, soft clays also exhibit viscous behaviour, such as
rate dependency and creep. This additional property incorporates the time dimension in the
material description. Creep-Sclay1s is an elasto-viscoplastic constitutive model capable of
modelling rate dependency. It is this elasto-viscoplastic formulation that is exploited for the
incorporation of strain accumulation effects.

2.3.3

Model concept for strain accumulation

Strain accumulation occurs during a loading cycle (a stress loop) when the corresponding strain
loop is not closed. The material is not returning to its original configuration and a permanent
irrecoverable strain remains. When this complete loading cycle is modelled using a generalised
stress-strain relation as available in most constitutive models, the permanent strain from cyclic
loading follows implicitly. There is no direct relation between the number of loading cycles
(or elapsed time) and the magnitude of the accumulated strain. In contrast, explicit models
directly relate the properties of the loading cycle to the emerging irrecoverable strain. Figure
2.2 shows the principle of an explicit strain accumulation model clearly. These models are
more efficient and robust for the modelling of a large number of loading cycles.
6

Figure 2.2: Concept of a explicit strain accumulation function that explicitly relates the time t
(or number of cycles) with the accumulated strain  (François et al. 2010)
The proposed constitutive model to capture strain accumulation in sensitive clays is developed
as a explicit model, so that it enables to capture the large number of loading cycles associated
to railway operation. Furthermore, it is more suitable as hierarchical extension to the CreepSclay1s.

2.3.4

Strain accumulation extension for Creep-Sclay1s

A new constitutive model, Creep-Sclay1sc, is developed to explicitly capture the effects from
cyclic loading of soft soils, by extending the original Creep-Sclay1s model (Sivasithamparam
et al. 2015) with an explicit cumulative viscoplastic multiplier. Full details on the model
formulation and calibration are presented in Appendix A.
It is assumed that the total strain tensor εij can be decomposed in the elastic εeij and
viscoplastic εvp
ij strain components:
εij = εeij + εvp
ij

(2.3)

The viscoplastic strain εvp
ij corresponds to the irrecoverable deformation that occurs in the
material, and consists of two components:
cyc
c
εvp
ij = εij + εij

(2.4)

εcij which corresponds to the viscoplastic creep strain, and εcyc
ij that represents the additional
viscoplastic strain that develops during cyclic loading.
The cyclic cumulative deformation is accounted for by extending the idea of a viscoplastic
multiplier, for a non-classic viscoplastic model, having no purely elastic region. The viscoplastic
creep strain in the original Creep-Sclay1s model is defined as:
εcij = Λ̇
7

∂p0eq
∂σij0

(2.5)

where p0eq is the equivalent effective mean hydrostatic stress, Λ̇ the viscoplastic creep
multiplier, and σij0 the effective stress tensor.
The cyclic cumulative strain is incorporated by adding an additional viscoplastic multiplier
Ω̇. Equation 2.4 is hence rewritten as:
h
i ∂p0
eq
ε̇vp
=
Ω̇
+
Λ̇
ij
∂σij0

(2.6)

This implies that the viscoplastic strain resulting from the cyclic loading follows the same
direction as the viscoplastic creep strain, because the associate flow rule is maintained. The
cumulative viscoplastic multiplier Ω̇ was derived using a Bailey-Norton power law, commonly
used to characterise viscoplasticity:
!ι
 Ξ
ζ
T
σ̄dcyc
Ω̇ =
(2.7)
I1
tref |0.1% T0
M (θ) − (3J2 )1/2
3

where ζ, Ξ, ι and tref |0.1% are model parameters, T is the loading period, T0 the reference
period, σ̄dcyc the amplitude of the cyclic deviatoric stress, M (θ) the stress ratio at critical state,
which is a function of Lode angle θ, where I1 and J2 are, respectively, the first invariant of the
stress tensor and the second invariant of the deviatoric stress tensor. The model parameter ζ
can be interpreted as the gradient of the cyclic strain – time plot measured at a reference time
tref |0.1% , at which the deviatoric strain reaches a value of 0.1%. The parameter Ξ expresses the
relation between the cyclic tests performed at a loading period T and the cyclic tests performed
at a reference period T0 . The inclusion of the period dependency is related to the fact that
the Creep-Sclay1s formulation is time-invariant. From the experimental data it was clear that
a loading period dependency exists, hence the need for a parameter accounting for it in the
viscoplastic multiplier. The denominator I31 M (θ) − (3J2 )1/2 in Equation 2.7, represents the
distance of the current stress state to the critical state surface.

2.4
2.4.1

Sensitivity analyses
Principles

Sensitivity analysis is a formalised design method to quantify which model parameters, so
called model factors, are of most importance within the numerical model. Depending on the
numerical model used, these model parameters may include those for the constitutive model,
but also the loads or other boundary conditions can be varied. Techniques for sensitivity
analyses are divided into local and global approaches. The local methods are computationally
efficient and simple to use, however, their results may be misleading for non-linear models, as
they do not incorporate the interactions in-between model parameters (Saltelli et al. 2008). In
global sensitivity approaches, uncertainty in the output of mathematical or numerical model is
explored through the space of all input factors. Therefore, they are capable of capturing the
interaction effects among the input factors.
The method of Morris is one of the global methods of screening important input factors
for a model. The fundamental idea behind the method is presented in Morris (1991). Morris
method follows the elementary effect (EE) calculation. In fact, the measures of the mean
and standard deviation of the elementary effects specifies importance of a factor. The Sobol
8

method is another global sensitivity measure which was introduced by (Sobol 2001). Sobol
method quantifies how the variance of the output depends on the uncertain model parameters.
Therefore, it is classified as a variance-based method. Sobol sensitivity measures are presented
in Table 2.1 (Saltelli et al. 2008; Herman and Usher 2017). The difference between first and
total order indices indicates the interaction effects of the parameter with the others.
Table 2.1: Sobol sensitivity indices
First-order index

S1

Second-order index

S2

Total-order index

ST

The contribution to the output variance by a
single model input alone.
The contribution to the output variance
caused by the interaction of two model inputs.
The contribution to the output variance
caused by a model input, including both its
first-order effects and all higher-order interactions.

A major advantage of both methods is that they capture the interaction effects between
the parameters as well as the main effects of each factor individually. The Morris method,
however, only sorts the parameters by relative importance, whereas the Sobol method accurately
quantifies the variance. The drawback of the Sobol method is the high computational cost.
As long as the intended number of parameters to be varied is low it does not have high
computational cost. If the number of input factor increases within the model the Morris
method would be more efficient at the expense of absolute accuracy (Saltelli et al. 2008).

2.4.2

Single integration point

In order to benchmark the idea of using general purpose libraries for sensitivity analyses a first
implementation used the Sensitivity Analysis Library in Python, the SALib package (Herman
and Usher 2017) to study the sensitivity of the model parameters in the Creep-Sclay1s model.
The model is implemented in the strain driver that is originally developed by Niemunis (2011).
This allows easy configuration of model parameters and boundary conditions (corresponding
to different common laboratory tests, or alternatively any arbitrary combination of stress and
strain control) via an input file and collecting the data from an output file. To simplify the
user interaction the package and file handling are implemented in a Graphical User Interface
(GUI) that calls the compiled model + strain driver. The principle is shown in Figure 2.3 and
a full description in Gras et al. (2017) which is attached in Appendix B. The single integration
point level modelling can be seen as only solving {rint } for a prescribed {rext } that comes from
the strain driver.
Figure 2.4 shows an example output using the Sobol method in conjunction with the CreepSclay1s model for the anisotropically consolidated undrained test in compression (left) and the
Constant Rate of Strain (CRS) test (right). Two ranges for the parameter variation are shown
(range 1: 10% variation on each model parameter and range 2: more realistic measurement
uncertainties). What becomes clear is that depending on the loading path, different parameters
are affecting the output more than other parameters.
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Figure 2.3: Principle of strain driver with sensitivity analyses; (Gras et al. 2017)

Figure 2.4: Example result for a sensitivity analyses using the Sobol method for the CAUC
triaxial test (left) and the CRS compression test (right); full details in Gras et al. (2017)
A further feature of the GUI presented in Gras et al. (2017) used here is that it incorporates
a multi-objective optimisation tool that is based on the Deap Python library (Fortin et al. 2012).
This multi-objective optimisation tool was essential to calibrate the new cyclic accumulation
model Creep-Sclay1sc against the data presented in (Wichtmann et al. 2013), see Appendix A.
Given the positive results on using more rigorous sensitivity analyses on single integration
point level the method needs to be extended to boundary value level using more elements in a
Finite Element code. This allows to model dynamic effects and the coupling with groundwater
flow and consolidation. Two features that are not captured at integration point level.

2.4.3

Multi-element level

The lessons learned from the single integration point level analyses are carried over to study
the effect of strain accumulation from cyclic loading, as modelled with Creep-Sclay1sc after
calibration on the Onsøoy data set presented in (Wichtmann et al. 2013).
The SALib libraries (Herman and Usher 2017) are used in conjunction with a Finite Element
code (Tochnog Professional ) that is easy to script and offers all features required for modelling
10

dynamic problems in geotechnics. The followed approach at boundary value level is similar
to the method for the single integration point, as it uses input and output data parsed via
input and output files. First a series of cases with different input parameters are generated,
which are subsequently run with the FE code before being analysed for the sensitivity index.
The intermediate data of each analysis is stored as this allows to re-evaluate the sensitivity of
parameters at different coordinates in the domain without the need to run the analyses again.
Furthermore, it allows to study the particular geotechnical response in more detail.
The cases studied at boundary value level will be elaborated in more detail the following
Chapter.
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3
3.1

Strain accumulation below high-speed rail
Introduction

The newly developed strain accumulation model is used to investigate the effect of loading
period T and loading amplitude A on the settlements in a soft sensitive clay below a railway
embankment. As such it serves to investigate the relative importance of these two properties
on the emerging settlements.

3.2
3.2.1

Embankment on soft soil
Numerical model

An idealised embankment on Onsøy clay has been simulated using Tochnog Professional. The
model parameters for the constitutive model are summarised in Table 3.1 for the classic
model parameters for Creep-Sclay1s and Table 3.2 for the parameters that correspond to
the cyclic accumulation part of the model. For practical engineering purposes this approach
might be daunting, however, the hierarchical nature of the model allows to calibrate each
parameter (amavasai2017) in the base model (Creep-Sclay1s) against common laboratory
tests. The cyclic model parameters requires more specialised data. A discussion on calibration
is elaborated in Appendix A for the cyclic part and Appendix B discusses the approach for
multi-objective optimisation of the parameters in the base model (Gras et al. 2017).
The half symmetry plane strain simulation models an embankment of 2 m height, a crest
width of 12 m and slope inclination of 1:2. The mesh has 2705 2nd order triangular elements.
An Updated Lagrangian formulation has been adopted. In addition to the soft clay that has
been modelled using the newly proposed model, the embankment material (height of 2 m) and
dry crust (with thickness of 4 m) are modelled using linear elasticity (material properties in
Table 3.3). As such the focus is on the the performance of the new model. A fully coupled
formulation with the storage equation that models the groundwater flow has been used. The
horizontal displacements are constrained at the two side boundaries, whereas the vertical and
horizontal displacements are constrained at the bottom boundary. The hydraulic boundaries
are closed at the sides and bottom with a free water surface just below the dry crust. A
complete overview of the geometry and mesh of the simulated embankment is shown in Figure
3.1. To isolate the performance of the model, this model has no piles incorporated, the impact
of deep mixed columns is under investigation in a follow up BIG project.
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Figure 3.1: Embankment geometry and finite element mesh.
Table 3.1: Model parameters for the natural Onsøy clay.
Parameter
λ∗i
κ∗
ν
Mc
Me
ω
ωd
a
b
OCR
e0
α0
χ0
µ∗i
τ

Definition
Modified intrinsic compression index
Modified swelling index
Poisson’s ratio
Stress ratio at critical state in triaxial compression
Stress ratio at critical state in triaxial extension
Rate of rotation
Rate of rotation due to deviator strain rate
Rate of destructuration
Rate of destructuration due to deviator strain rate
Over-consolidation ratio
Initial void ratio
Initial anisotropy
Initial amount of bonding
Modified intrinsic creep index
Reference time

unit
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[d]

value
0.076
0.011
0.15
1.23
0.80
200
0.56
10
0.30
1.5
1.80
0.47
10
0.005
1

Table 3.2: Cyclic parameters for Creep-SClay1S.
Parameter
ζ
ι
Ξ
Γalpha
Γbeta

Definition
Axial strain accumulation factor in undrained cyclic triaxial test
Effectiveness of cyclic deviator stress
Loading period dependency
Scaling factor to set cyclic reference time
Scaling factor to set cyclic reference time
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units
[d]
[-]
[-]
[-]
[-]

value
1.37 × 10−3
1.83 × 10−4
0.507
2.91 × 10−5
5.92

Table 3.3: Elastic parameters for the embankment and the dry crust.
Material
Embankment
Dry crust

Parameter
Young’s modulus
Poisson’s ratio
Young’s modulus
Poisson’s ratio

units
[kPa]
[-]
[kPa]
[-]

value
25 × 103
0.3
7 × 103
0.3

In the reference calculation the cyclic loading was simulated by applying a sinusoidal
distributed load (with a prescribed frequency of 1 Hz or 1/T ) slightly out of centre on top of
the embankment, with a 2 m width and with an amplitude A of 100 kN/m. The load was
applied first as one cycle, to capture the amplitude of the cyclic deviatoric stress throughout
the domain, which was followed by the application of the cyclic accumulation.

3.2.2

Results reference calculations

Figure 3.2 shows the evolution of the vertical displacement as function of the number of cycles
for the point located on the centre line at interface between the embankment and the dry
crust. The results of the basic Creep-Sclay1s model without cyclic degradation is also plotted
for comparison. Two additional simulations are shown to study the effect of doubling the
frequency or the loading amplitude: scenario 1, with frequency 2 Hz and a load amplitude
of 100 kN/m, and scenario 2 with a frequency of 1 Hz and a load amplitude of 200 kN/m.
The results suggest that the cyclic loading has a significant effect on the predicted vertical
displacement. For up to 1000 loading cycles the response predicted by the basic creep model
and the new cyclic model is similar. However, for the model parameters selected, after 1000
cycles the effect of the cyclic degradation becomes dominant. It should be noted that the
absolute magnitude for the vertical displacements is very large, this is due to the soft clays
modelled that typically requires a deep foundation.

Vertical displacement [m]

0.00
-0.50
-1.00
-1.50
-2.00 0
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Creep-SClay1s
Cyclic
scenario 1
scenario 2

101

102
103
Number cycles [-]

104

Figure 3.2: Vertical displacement of the point located along the axis of symmetry at the interface
between the embankment and the soil.
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3.3
3.3.1

Sensitivity analyses
Scenarios

A more rigorous sensitivity study is performed in order to further study the sensitivity of
the solution for a range of loading amplitudes A and loading periods T (1/frequency). These
are the, so called, rank factors that will be studied for their influence upon the output. The
range of the two parameters are shown in Table 3.4. These properties are converted so that
the maximum amplitude roughly corresponds quadruple the axle load of a X2000 train (at 60
kN for passenger carriages), whilst the period corresponds to train velocities that are centred
around a period of 0.32 s (3.5e-6 day) that corresponds to 200 km/h for a 17 m distance
between two bogeys. It is noted that the extreme values for the period are more geared to test
the model implementation and not necessarily reflect physical realistic train velocities.
Table 3.4: Domain of factors
Factor
T
A

Unit
Description
Min
[days] Period
0.35e-6
[kN]
Amplitude
10

Max
35e-6
250

The sensitivity of a parameter for (1) the vertical displacements at the centre line and (2)
the horizontal displacements at the toe are quantified. In this sensitivity investigation a total
number of 600 realisations, i.e. finite elements (FE) runs, were run to perform the analysis.

3.3.2

Results

Firstly, the impact of the loading period T and loading amplitude A on the vertical displacements
at the centre line is plotted in Fig. 3.3. The Figure plots the first order index S1 and the total
order index ST for T and A on the vertical displacements directly below the embankment at
the centre line. It becomes apparent that the loading period has the largest impact on the
accumulated settlements. This follows the interpretation of the laboratory data, where the
period influences the results more directly than the loading amplitude.
The similarity in results between the S1 and ST results indicate that there is no interaction
between the two properties. Furthermore, the size of the error bar suggests that the number of
realisations is sufficient to obtain statistically significant results. More realisations, however,
will reduce the length of this error bar. The results are somewhat biased by the modelling
approach where to arrive at an equal number of loading cycles the total duration of the analyses
is scaled. It simply takes longer to complete 100 000 cycles with a large period. The results,
most probably, will be affected in case the comparison was made for an equal calendar time, e.g.
5 y of operation. Though in the latter it is far from trivial to select a representative number of
loading cycles.
The results in Fig. 3.4 are obtained when the sensitivity analyses is analysed for the
horizontal displacements at the toe of the embankment. Clearly, the main effect is the loading
amplitude. This is can be explained by the deviatoric stress distribution in the system which
is used for the accumulation stage. The impact of the train load on the deviatoric stress
increment at that point is lower than for a point directly below the centre of the embankment.
15

Figure 3.3: First order S1 and total order ST sensitivity index for T and A evaluated from the
vertical displacements at the centre line.

Figure 3.4: First order S1 and total order St sensitivity index for T and A evaluated from the
horizontal displacements at the toe of the embankment.
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Fig. 3.5 plots the total vertical displacements below the centre of the embankment against
the number of load cycles. Each line represents one realisation and the mean of all results
is plotted in black. A closer investigation of the outliers indicate that the largest vertical
displacements are for realisation #271 with a period T = 3.39e-5 days and amplitude A = 243
kN, whereas realisation #139 with T = 3.39e-7 days and amplitude A = 190 kN led to the
smallest accumulated displacements. As long as the amplitude does not lead to large stress
levels beyond the pre-consolidation pressure the accumulated cyclic displacements are small
and shorter periods further reduce the observed magnitude of vertical displacements. It should
be noted that the majority of realisations fall below 0.5 m of total settlements. Although still
large, these magnitudes are somewhat more realistic than of the reference case.

Figure 3.5: Results of 600 realisations for the calculated vertical displacements of the point
located along the axis of symmetry at the interface between the embankment and the soil.
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4

Conclusions & Recommendations

4.1

Conclusions

The report proposes a new constitutive model developed to implicitly capture the effects from
cyclic loading of soft soils, by extending the original Creep-Sclay1S model with an explicit
cumulative viscoplastic multiplier. The model accounts for the effect of the cyclic loading
magnitude, as well as the loading period. All this leads to a computational efficient and
numerical stable solution for simulation of a large number of load cycles without encountering
numerical issues.
Comparison of model simulations and experimental data on undrained cyclic triaxial tests
on block samples of natural Onsøy clay, a high plasticity sensitive clay from Norway that is
comparable to the clay in the Gothenburg region, demonstrate that the model is able to predict
accurately the rate of strain accumulation, as well as the onset of failure for isotropically
and anisotropically consolidated triaxial tests sheared in compression. More cyclic data with
varying loading rates in compression and extension are required before the model and parameter
determination can be refined.
The model has been shown to work on both single element level and boundary value level.
The effects of the cyclic loading have been illustrated for an imaginary railway embankment
built on top of a deposit of Onsøy clay. The analyses have highlighted the effect of cyclic
loading on the plastic deformations in the soil below the embankment. It was shown that
the cyclic component is more significant than creep, and that there is a relation between
loading amplitude and loading frequency and the accumulated deformation in the soil. Further
systematic sensitivity analyses using the Sobol method further highlights the importance of the
cyclic effects on accelerating the settlements below an embankment. The results from 600 cases
where the loading magnitude and loading period were varied showed that the results are most
sensitive for the loading period. Furthermore, Sobol analyses did not show an interdependence
between the loading amplitude and the loading period.

4.2

Recommendations

This research is only a first step towards a full comprehension and modelling capability of the
long-term changes in the dynamic response of railway embankments under cyclic loading. The
following research activities need to be considered next:
• Establish an experimental link between cyclic accumulation of strain and the dynamic
soil properties (stiffness and damping);
• Implement stiffness degradation in the constitutive model presented herein;
• Extend the numerical model to 2D longitudinal sections with moving loads. A transition
zone would be a good starting point;
• Complement the quasi-static cyclic accumulation modelling with time-domain dynamic
analyses for a single train passage.
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This paper presents a new viscoplastic cyclic degradation model, which is an hierarchical

8

extension of the Creep-SClay1S model, to account for the additional permanent deforma-

9

tions resulting from undrained cyclic loading of natural soft clays. The cyclic cumulative

10

strains are incorporated by means of an additional viscoplastic multiplier. This cyclic

11

viscoplastic multiplier adds four additional model parameters that can be derived from

12

undrained cyclic triaxial tests. The model is calibrated using experimental data from

13

undrained cyclic triaxial tests performed on high quality block samples of natural Onsøy

14

clay, at different average shear stresses, shear stress amplitudes and loading periods. The

15

accuracy of the proposed model is demonstrated by comparing the element level simu-

16

lations with the experimental data. Best results are obtained for triaxial loading paths

17

in compression on isotropically and anisotropically consolidated samples. The proposed

18

model is further applied to a boundary value problem, where an embankment submitted

19

to cyclic loading is simulated. The use of the new model enables the simulation of the

20

response of cyclic loaded foundations on soft soils where the serviceability limit state over

21

a long period of time is governing the design.
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1

Introduction

25

Cyclic loading is of importance when a significant variation of the load in time is expected,

26

such as is the case when considering offshore foundations, wind turbines, railway tracks,

27

pipelines and natural slopes [1, 20, 3]. These loads are considered quasi-static, as in most

28

cases the loading period is sufficiently long to disregard the inertial effects in the soil.

29

However, effect of time cannot be disregard due to the non-linear nature of soil behaviour.

30

The current state of the art for static analysis, such as the bearing capacity of foun-

31

dations, includes complex non-linear models that in addition to the stability are able to

32

predict, quite accurately, the deformations. However, this accuracy is not yet obtained

33

for problem involving cyclic loading. When complex constitutive models, specifically de-

34

signed to truthfully capture each loading cycle [16, 5], are used to solve cyclic problems

35

with a large number of loading cycles, O(105 ), issues related to the computational cost

36

and numerical convergence arise. In order to overcome these difficulties, several authors

37

have developed cumulative degradation models to account for the effects of cyclic plastic

38

strains of a large number of loading cycles [11, 17, 18, 19, 23].

39

However, with exception of the work of [17], all existing models were developed for

40

granular materials. Therefore, there is a lack of models suitable for simulating soft soils.

41

The main limitation of the model presented by [17] for the simulation of cyclic loading

42

on natural soft soils, is that it ignores fundamental soft soil behaviour features, such as

43

rate-dependency, anisotropy and degradation of bonding [13, 25, 12].

44

In order to overcome the limitations found in the literature, a new constitutive model,

45

Creep-Sclay1Sc, is developed to implicitly capture the effects from cyclic loading of soft

46

soils, by extending the original Creep-Sclay1S model [22] with an explicit cumulative

47

viscoplastic multiplier. The aim of this model it to capture the change in creep rates

48

due to long-term cyclic loading with a reasonable accuracy, and not the development of

49

a fully-fledged model that captures all intricate details under arbitrary loading histories

50

as function of time.

51

The Creep-Sclay1S modes was chosen as a starting point of this research. It consists
3

52

of a viscoplastic rate-dependent model, containing a modified Cam-Clay type of normal

53

compression surface, with rotational and destructuration hardening laws, and where the

54

viscoplastic multiplier is used to model the rate dependency of soft soils (creep).

55

The first part of this paper presents the description of the Creep-SCLAY1Sc model

56

and discusses the determination of the input parameters for the standard Creep-Sclay1S

57

as well as its extension into cyclic loading. The second part of the paper shows two appli-

58

cations of the model, within the framework of finite element analysis. The first applica-

59

tion discusses the performance of the model by comparing the results with experimental

60

undrained cyclic triaxial tests performed on Onsøy clay [26]. The latter application illus-

61

trates the robustness of the model by modelling an embankment on soft soil, subjected

62

to cyclic periodic loading, and discusses the effects that loading frequency and amplitude

63

have on the embankment response.

64

2

65

2.1

66

The cyclic accumulation model extends the viscoplastic Creep-SClay1S model as pre-

67

sented in [22]. This model accounts for fundamental features of natural soft soil behaviour,

68

such as anisotropy, bonding and rate-dependence [15]. The Creep-Sclay1S model is il-

69

lustrated in Figure 1 in the p’-q plane. It consists of two reference surfaces: Normal

70

Consolidation Surface (NCS), Current Stress Surface (CSS) and Intrinsic Compression

71

Surface (ICS). The NCS is analogous to the bounding surface and delimits small and large

72

creep strain rates, being defined by the isotropic pre-consolidation pressure p0m . CSS rep-

73

resents the current effective mean stress state, and it is defined by the mean hydrostatic

74

effective stress p0eq .

Cyclic accumulation model
Base model: Creep-Sclay1S

75

One of the main characteristics of the Creep-Sclay1S model is that there is no purely

76

elastic deformation, which means that creep deformation occurs at all stress states. The

77

model predicts an unique critical state, regardless of the strain rate and stress path,
4

Figure 1: Schematisation of the CreepSClay1S model.
78

as the NCS rotates as function of plastic shear strains. Results performed with Creep-

79

SClay1S model show that the creep behaviour of natural soft soils is correctly captured

80

by the model [22, 2]. However, the model also has limitations, i.e. it is only applicable to

81

normally and slightly overconsolidated clays. Therefore the newly proposed accumulation

82

model inherits these limitations.

83

84

Following the classical elasto-plasticity theory, the total strain tensor εij can be decomposed in the elastic εeij and viscoplastic εvp
ij strain components:

εij = εeij + εvp
ij
85

86

The viscoplastic strain εvp
ij corresponds to the irrecoverable deformation that occurs
in the material, and consists of two components:

cyc
c
εvp
ij = εij + εij

87

(1)

(2)

εcij which corresponds to the viscoplastic creep strain, and εcyc
ij that represents the

5

88

additional viscoplastic strain that develops during cyclic loading.

89

The cyclic cumulative deformation is accounted for by extending the concept of a

90

viscoplastic multiplier, as presented in [8]. This viscoplastic multiplier is based on a non-

91

classic viscoplastic model, having no purely elastic region. Similarly to most viscoplastic

92

models the viscoplastic multiplier is not deduced from a consistency condition. The

93

viscoplastic creep strain in the Creep-Sclay1S model is defined as:

εcij
94

95

96

97

∂p0eq
= Λ̇ 0
∂σij

(3)

where p0eq is the equivalent mean hydrostatic stress, Λ̇ the viscoplastic creep multiplier,
and σij0 the effective stress tensor.
The cyclic cumulative strain is incorporated by adding an additional viscoplastic multiplier Ω̇. Equation 2 is hence rewritten as:
h
i ∂p0
eq
=
Ω̇
+
Λ̇
ε̇vp
ij
∂σij0

(4)

98

This implies that the viscoplastic strain resulting from the cyclic loading follows the

99

same direction as the viscoplastic creep strain, because the associate flow rule is main-

100

tained.

101

2.2

102

Add plots from them explaining the 3 items

Cyclic viscoplastic multiplier
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Figure 2: Experimental undrained cyclic triaxial tests: (a) for different cyclic shear strain
amplitudes (adapted from [14]), (b) for different cyclic shear strain amplitudes (adapted
from [26]) and (c) at different frequencies (adapted from [26]).
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103

The determination of the cylic viscoplastic multiplier has been done, based on exper-

104

imental evidence from laboratorial cyclic undrained triaxial tests performed by [14] and

105

[26].

106

107

108

109

110

111

Figure 2 summarises the cyclic tests results presented by the authors. From the cyclic
experimental triaxial testing, the following observations can be made:
• There is a semi-logarithmic relation between the axial strain and the number of
cycles (or time), until the onset of failure;
• The number of cycles required to reach failure reduces with increasing cyclic shear
stress amplitude;

112

• The number of cycles to failure increases with increasing loading frequency.

113

Based on these observations, the cumulative viscoplastic multiplier Ω̇ was derived

114

using a Bailey-Norton power law, commonly used to characterise viscoplasticity:

Ω̇ =

ζ
tref |0.1%



T
T0

Ξ

σ̄dcyc
I1
M (θ)
3

− (3J2 )1/2

!ι

(5)

115

where ζ, Ξ, ι and tref |0.1% are model parameters, T is the loading period, T0 the

116

reference period, σ̄dcyc the amplitude of the cyclic deviatoric stress, M (θ) the stress ratio

117

at critical state, which is a function of Lode angle θ, where I1 and J2 are, respectively, the

118

first invariant of the stress tensor and the second invariant of the deviatoric stress tensor.

119

The model parameter ζ can be interpreted as the gradient of the cyclic strain measured

120

at a reference time tref |0.1% , at which the deviatoric strain reaches a value of 0.1%. The

121

parameter Ξ expresses the relation between the cyclic tests performed at a loading period

122

T and the cyclic tests performed at a reference period T0 . The inclusion of the period

123

dependency is related to the fact that the Creep-SClay1S formulation is time-invariant.

124

From the experimental data it was clear that a loading period dependency exists, hence

125

the need for a parameter accounting for it in the viscoplastic multiplier. The denominator

126

I1
M (θ)
3

127

the critical state surface.

− (3J2 )1/2 in Equation 5, represents to the distance of the current stress state to

8

128

3

129

3.1

130

The Creep-SClay1Sc model contains 19 model parameters, of which 15 are shared with

131

Creep-Sclay1S as presented in [22]. The parameters for Creep-SClay1Sc can be grouped

132

into five different categories:

133

134

Monotonic loading
Parameter derivation for natural Onsøy clay

• Isotropic parameters (λ∗i , κ∗ , ν, Mc , Me , OCR, e0 ), similar to the Modified CamClay model [21]. The subscript i refers to an intrinsic value;

135

• Anisotropic parameters (ω, ωd , α0 ), similar to the S-Clay1 model [25];

136

• Destructuration parameters (a, b, ξ0 ), similar to the S-Clay1S model [12];

137

• Viscosity parameters (µ∗i , τ ), similar to the Creep-SClay1S model [22];

138

• Cyclic parameters (ζ, Ξ, ι, tref |0.1% ), as presented in Equation 5.

139

All necessary parameters for the description of Creep-Sclay1Sc, with the exception of

140

the cyclic parameters, can be derived from standard laboratory element tests, such as

141

the combination of undrained monotonic triaxial tests and oedometer tests. The cyclic

142

model parameters requires the additional execution of undrained cyclic triaxial tests. In

143

the current analysis, results on natural Onsøy clay was used to evaluate the performance

144

of the cyclic model, due to the considerable amount of experimental data on high quality

145

block samples of natural clay with both static and cyclic test programmes [3, 4, 7, 26].

146

The isotropic, anisotropic and destructuration parameters were determined from mono-

147

tonic triaxial and oedometer tests performed on the natural Onsøy clay [9]. The viscosity

148

parameters µ∗ and τ , were determined from triaxial tests on natural Onsøy clay as doc-

149

umented in [10]. Table 1 presents a summary of the adopted parameters. The derivation

150

of the cyclic parameters will be addressed next.

9

151

3.2

Monotonic element tests on natural Onsøy clay

152

Figure 3 shows the comparison between experimental data and the single element level

153

numerical results for monotonic triaxial tests [26] and constant rate of strain compression

154

tests CRSC [9]. The numerical results are in reasonable accordance with the experimental

155

results. Figure 3a shows that, for the triaxial tests in compression, the peak shear stress

156

and slope of the critical state line are predicted well. Furthermore, the experimental

157

results indicate that the stress path is not completely undrained, given there is a reduction

158

of the mean effective stress p0 during the initial loading stage. This might be related to

159

sample disturbance, or due to the sample not been fully saturated. Extension paths were

160

more difficult to predict. In such stress path the anisotropy changes considerably, which

161

can be difficult to capture, as discussed for the SClay1 model [25].

162

Figure 3b illustrates that for an one-dimensional compression tests both viscoelastic

163

and viscoplastic components of the axial strain, as well as the pre-consolidation pressure,

164

are predicted accurately.

165

4

166

4.1

167

The model parameters (ζ, Ξ, ι and tref |0.1% ), were derived from undrained cyclic triaxial

168

tests [26]. The reference time tref |0.1% was found to be related to the ratio of the deviatoric

169

cyclic stress and the deviatoric mean stress (Figure 4). Assuming a power relation between

170

tref |0.1% and σ̄dcyc /(I1 /3)t=0 , Equation 5 is reformulated as:

Cyclic loading
Calibration of cyclic parameters

Ω̇ =
Γα



ζ
3σ̄dcyc
I1t=0

−Γβ



T
T0

Ξ

σ̄dcyc
I1
M
3

(θ) − (3J2 )1/2

!ι

(6)

171

where Γα and Γβ results from a non-linear least squares fit of the experimental data, as

172

shown in Figure 4. The occurrence of negative values for the reference time are prevented

173

by using a power equation, which is a desirable feature from a computational point of
10

174

view.

175

The model parameter Ξ captures the rate effect of the loading frequency (period)

176

on the cyclic accumulation. Figure 5a shows the strain rate for three cyclic triaxial

177

tests performed under similar initial conditions at different loading periods. The results

178

suggest that a relation between the loading period and the deviatoric strain rate can be

179

established. Figure 5b shows the average normalised strain rate for the three loading

180

periods, together with the numerical results after parameter optimisation. The average

181

normalised strain is defined as average ratio between the strain at the loading period T

182

and at the reference period T0 , until the onset of failure.

183

Although the experimental and numerical results agree, these results are based on the

184

analysis of only three cyclic tests. Therefore, more tests should be conducted in order to

185

further investigate the effect of the loading period.

186

The model parameters ζ and ι were obtained by means of mono-objective optimisation

187

of the cyclic triaxial tests [6]. The current analysis only considered the triaxial tests that

188

recorded more than 30 cycles to failure.

189

Figure 6 summarises the values of the model parameters ζ and ι for all the analysed

190

tests. It was found that the values of ζ, with the exception of three tests, namely 16, 17

191

& 19, fall within the same range. The parameter ι turns out to be one order of magnitude

192

smaller than parameter ζ, with a similar amount of scatter. This scatter is most probably

193

related to the fact that the Onsøy clay is a natural clay. Substantially more test data

194

would be required to have clear trends in the data that are not affected by the typical

195

sampling/test related scatter.
Table 2 summarises the cyclic parameters for the Creep-SClay1Sc model (Equation

196

197

6).

198

4.2

199

The performance of the Creep-SClay1Sc on the modelling of cyclic loading was assessed by

200

comparing the numerical results with experimental undrained cyclic triaxial tests [26], for

Cyclic triaxial tests on natural Onsøy clay
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201

a single integration point. Figure 7 presents the comparison between the experimental

202

data and the numerical results for four different cyclic triaxial tests. In general, the

203

numerical and experimental results compare favourably.

204

Figure 7a illustrates that the new model is able to correctly predict the accumulation

205

of deviatoric strain in a cyclic compression test until the onset of failure. The moment

206

failure occurs, the experimental results show that the strain develops at a higher rate

207

than predicted by the numerical simulation. This is likely related to the fact that the

208

numerical results were obtained on a single integration point, which does not model the

209

development of localised shear bands, and therefore is not able to capture the correct

210

failure mechanism. The expectation is that the predictions will improve in case the same

211

analysis is conducted at boundary value level.

212

Figure 7b presents a cyclic triaxial test performed with a loading period of 100 s. The

213

deviatoric strain accumulation, as well as the onset of failure again are correctly captured

214

by the Creep-SClay1Sc model. Therefore, the rate effect from the loading period is

215

properly incorporated in the model.

216

The same applies for the isotropic cyclic triaxial tests (Figure 7c), and it should be

217

noted that for this test no failure was recorded or predicted. The isotropic consolidation

218

paths in the latter tests gradually destroys all bonds in the natural samples, and perhaps

219

this prevents the generation of additional pore water pressures resulting from the collapse

220

of the fabric.

221

Similarly to the monotonic test results the simulation of the triaxial extension test

222

was not as accurate as the predictions for compression (Figure 7d). Both the strain

223

rate as well as the number of cycles required to the onset of failure are overestimated

224

by the Creep-SClay1Sc model. Since only data from one triaxial test in extension was

225

available, it is not possible to assess whether the difference between the numerical and

226

experimental results are representative. There could have been issues for example due

227

to inhomogeneities within the sample, the necking of the sample or membrane effects, or

228

some other unknown experimental inaccuracies.
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229

5

Boundary value level modelling

230

5.1

231

The main modification required for implementation of the model at boundary value level

232

relates to initialisation of the state variables in each integration point. Furthermore, an

233

appropriate amplitude for the cyclic deviatoric stress σ̄dcyc that drives the magnitude of

234

strain accumulation, needs to be computed depending on the position in the domain.

235

The most convenient manner to address the pre-initialisation is to perform a nill step,

236

i.e. a regular static calculation applying one cycle of the boundary loads, which retrieves

237

the magnitude of the amplitude of cyclic deviatoric stress σ̄dcyc in each integration point.

238

After this nill step, the cyclic accumulation model component (which is a hierarchical

239

formulation) is switched on using a Boolean switch parsed via the Finite Element solver.

240

5.2

241

An 2D axisymmetric modelling approach was used to model an undrained triaxial test

242

on a sample of 54 mm diameter times 108 mm height at boundary value level. Figure 8

243

shows the dimensions and mesh of the simulated triaxial test. The domain is meshed with

244

a total of 217 quadrilateral elements using second order shape functions, with 8 nodes in

245

each element. The displacements were constrained along the horizontal direction along

246

the centre axis, and vertically along the bottom edge. The top and outer boundary have a

247

distributed load that is in equilibrium with the anisotropic stress state after consolidation.

248

All flow boundaries are impermeable, and the initial pore pressures are set at 600 kPa.

249

The model parameters for the material are similar to those presented in Tables 1 and

250

2. Additionally, a groundwater formulation, where the material deformation tensor is

251

coupled to the storage equation has been used with a water density of 1000 kg/m3, a

252

bulk stiffness for the water of 106 kPa and a hydraulic conductivity of 1.e-9 m/s. The

253

remaining (cyclic) loading conditions correspond to test 31, which is already presented

254

in Figure 7a).

Additional modifications

Cyclic triaxial test
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255

The result of the boundary value analysis is plotted in Figure 9 with the experimental

256

data and the single point results as comparison. The initialisation of the cyclic component

257

of the load is visible, as well as the correctness of the modelling strategy. The small

258

differences between the single point and multi element simulations are expected, given

259

absence of localisation at small strain magnitudes that is further promoted by the regular

260

mesh and axisymmetric boundary conditions used.

261

After the successful verification of the model implementation at boundary value level

262

using a fully coupled formulation the model is ready to be used in a more demanding

263

boundary value problem.

264

5.3

265

In order to illustrate the benefits of using the proposed cyclic model for modelling a large

266

number of load cycles at boundary value level an idealised embankment on Onsøy clay

267

has been simulated using Tochnog Professional [24].

Embankment on soft soil

268

The half symmetry plane strain simulation models an embankment of 2 m height, a

269

crest width of 12 m and slope inclination of 1:2. The mesh has 2705 2nd order triangular

270

elements. An Updated Lagrangian formulation has been adopted. In addition to the soft

271

clay that has been modelled using the newly proposed model, the embankment material

272

(height of 2 m) and dry crust (with thickness of 4 m) are modelled using linear elasticity

273

(material properties in Table 3). As such the focus is on the the performance of the

274

new model. Similar to the boundary value simulation at element level, a fully coupled

275

formulation with the storage equation has been used. The horizontal displacements are

276

constrained at the two side boundaries, whereas the vertical and horizontal displacements

277

are constrained at the bottom boundary. The hydraulic boundaries are closed at the sides

278

and bottom with a free water surface just below the dry crust. A complete overview of

279

the geometry and mesh of the simulated embankment is shown in Figure 10.

280

The cyclic loading was simulated by applying a sinusoidal distributed load (frequency

281

1 Hz) slightly out of centre on top of the embankment, with a 2 m width and 100 kN/m
14

282

amplitude. Similar to the triaxial test, the load was applied first as one cycle, to capture

283

the amplitude of the cyclic deviatoric stress, which was followed by the application of the

284

cyclic accumulation.

285

Figure 11 shows the development of the displacement and strain fields at different

286

number of loading cycles. Up to 2500 load cycles there is little deformation of the embank-

287

ment (Figures 11a and 11b). As the number of loading cycles increases, the deformation

288

levels increase as well as the strain levels. The largest displacements occur underneath

289

the embankment, while the largest strain is registered in the soft clay layer. As the num-

290

ber of loading cycles increases, a displacement zone starts developing outwards, forming

291

a shear failure.

292

Figure 12 shows the evolution of the vertical displacement as function of the number

293

of cycles for the point located at the interface between the embankment and the dry

294

crust. The results of the basic creep model without cyclic degradation is also plotted as

295

comparison. Two additional simulations are shown to study the effect of doubling the

296

frequency or the loading amplitude: scenario 1, with frequency 2 Hz and a load amplitude

297

of 100 kN/m, and scenario 2 with a frequency of 1 Hz and a load amplitude of 200 kN/m.

298

The results suggest that the cyclic loading has a significant effect on the predicted vertical

299

displacement. For up to 1000 loading cycles the response predicted by the basic creep

300

model and the new cyclic model is similar. However, after 1000 cycles the effect of the

301

cumulative straining due to cyclic degradation becomes dominant.

302

The displacement is predicted to reduce with the increase of the loading frequency,

303

which is in agreement with the experimental findings in literature [14, 26]. The load has

304

a direct relation with the displacement, as an increase in the load leads to an increase

305

in the vertical displacement of the embankment. It should be noted that the predicted

306

displacements in these analyses are very high. This is related to the low strength and

307

stiffness of the Onsøy clay tested (both site conditions and block samples from shallow

308

depth), which is assumed to apply for the complete clay layer, without correcting for the

309

in-situ OCR profile.
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310

6

Conclusions

311

The present paper proposes a new constitutive model developed to implicitly capture the

312

effects from cyclic loading of soft soils, by extending the original Creep-Sclay1S model

313

with an explicit cumulative viscoplastic multiplier. The strain accumulation due to cyclic

314

loading is accounted for by means of a viscoplastic multiplier, in a similar manner to creep.

315

The model extensions adds four additional model parameters, which can be determined

316

from undrained cyclic triaxial test data. The model accounts for the effect of the cyclic

317

loading magnitude, as well as the loading period. All this leads to a computational

318

efficient and numerical stable solution for simulation of a large number of load cycles

319

without encountering numerical issues.

320

Comparison of model simulations and experimental data on undrained cyclic triaxial

321

tests on block samples of natural Onsøy clay demonstrate that the model is able to predict

322

accurately the rate of strain accumulation, as well as the onset of failure for isotropically

323

and anisotropically consolidated triaxial tests sheared in compression. For loading paths

324

in extension the model underpredicts both the strain rate and the number of cycles to

325

failure, i.e. the results are non-conservative. It must be realised, however, that only one

326

extension triaxial test was available. A power relation between the loading period and

327

the reference loading period Tref was derived using only three cyclic triaxial tests. More

328

cyclic data with varying loading rates in compression and extension are required before

329

the model and parameter determination can be refined.

330

The model has been shown to work on both single element level and boundary value

331

level. The effects of the cyclic loading have been illustrated for an imaginary railway em-

332

bankment built on top of a deposit of Onsøy clay. The analyses have highlighted the effect

333

of cyclic loading on the plastic deformations in the soil below the embankment. It was

334

shown that the cyclic component is more significant than creep, and that there is a rela-

335

tion between loading amplitude and loading frequency and the accumulated deformation

336

in the soil.

337

The proposed new model will offer new insight into the cyclic response of soft soils.
16

338

In addition to its capability to correctly model soft soil under monotonic load, the model

339

offers the possibility to simulate large numbers of load cycles in an efficient and accurate

340

fashion. This enables the simulation of the response of cyclic loaded foundations on soft

341

soils where serviceability limit state over a long period of time is governing the design.

342

The latter includes railway embankments and wind turbine foundations.

343
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Tables
Table 1: Model parameters for the natural Onsøy clay.
Parameter
λ∗i
κ∗
ν
Mc
Me
ω
ωd
a
b
OCR
e0
α0
χ0
µ∗i
τ

Definition
Modified intrinsic compression index
Modified swelling index
Poisson’s ratio
Stress ratio at critical state in triaxial compression
Stress ratio at critical state in triaxial extension
Rate of rotation
Rate of rotation due to deviator strain rate
Rate of destructuration
Rate of destructuration due to deviator strain rate
Over-consolidation ratio
Initial void ratio
Initial anisotropy
Initial amount of bonding
Modified intrinsic creep index
Reference time

23

unit
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[d]

value
0.076
0.011
0.15
1.23
0.80
200
0.56
10
0.30
1.5
1.80
0.47
10
0.005
1

Table 2: Cyclic parameters for Creep-SClay1S.
Parameter
ζ
ι
Ξ
Γalpha
Γbeta

Definition
Axial strain accumulation factor in undrained cyclic triaxial test
Effectiveness of cyclic deviator stress
Loading period dependency
Scaling factor to set cyclic reference time
Scaling factor to set cyclic reference time

24

units
[d]
[-]
[-]
[-]
[-]

value
1.37 × 10−3
1.83 × 10−4
0.507
2.91 × 10−5
5.92

Table 3: Elastic parameters for the embankment and the dry crust.
Material
Embankment
Dry crust

Parameter
Young’s modulus
Poisson’s ratio
Young’s modulus
Poisson’s ratio

25

units
[kPa]
[-]
[kPa]
[-]

value
25 × 103
0.3
7 × 103
0.3
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a b s t r a c t
Constitutive models for soft soils require a large number of parameters to model the complex material
response. One set of parameters should capture the soil response for various laboratory & in situ stress
paths. This requires a new method to calibrate a consistent set of model parameters using test data from
different load paths of classic geomechanical tests. The feasibility of the proposed method is demonstrated with the recently developed CREEP-SCLAY1S model. After a sensitivity analysis that highlights
the model parameters for optimisation, an optimisation process for two different configurations is
designed. The latter is successfully verified against artificially generated laboratory data.
Ó 2017 Elsevier Ltd. All rights reserved.

1. Introduction
Soft clays are very complex materials. Advanced models taking
into account anisotropy, time/rate dependency, bonding/destructuration and non-linear elasticity are required to correctly describe
and predict their mechanical behaviour. An unfortunate side effect
is that these advanced models require a large number of parameters. Generally, in such models, most of these parameters are
directly assessed from a single type of laboratory test, but some
cannot be measured experimentally. It is then necessary to estimate these parameters through indirect methods such as calibration [1].
Automatic methods for model calibration are essential in order
to identify model parameters independently of the user. Often
these methods are based on the inverse problem theory by [2]. It
consists of finding the best set of parameters which minimises
the distance between experimental results and model results.
Numerous methods for inverse analysis for geotechnical problems
have been carried out with gradient methods [3–6], neural network based techniques [7,8], genetic algorithms [9,10] and particle
swarm optimisation [11–13].
Generally, the parameter identification techniques based on
inverse analysis remain unsatisfactory because they do not suffi⇑ Corresponding author.
E-mail addresses: jean-philippe.gras@chalmers.se (J.-P. Gras), nallathamby.
siva@ngi.no (N. Sivasithamparam), minna.karstunen@chalmers.se (M. Karstunen),
jelke.dijkstra@chalmers.se (J. Dijkstra).
http://dx.doi.org/10.1016/j.compgeo.2017.06.006
0266-352X/Ó 2017 Elsevier Ltd. All rights reserved.

ciently take into account the non-uniqueness of the inverse analysis problems. This difficulty can be overcome by determining a set
of satisfactory solutions (multi-objective optimisation process) or
the use of several test types with different load paths [14]. The difficulty to obtain the uniqueness of the solution is increasing with
the number of parameters to optimise. Practically, it is not feasible
to obtain all parameter values for complex models with many
parameters. There is then a need to choose the proper parameters
for optimisation. Principally, the optimisation parameters are only
the parameters which are not measurable experimentally. However, even the parameters that are directly derived from experimental data have some measurement uncertainties which will
affect the final output.
In this article, the uniqueness of the solution is studied using
artificial data. The optimisation method uses a genetic algorithm
combined with selected relevant test paths to obtain reliable
model parameter solutions. In order to choose the parameters for
optimisation, a sensitivity analysis was performed for different test
paths with a different set of model parameters and initial conditions. From the sensitivity analysis, the most important parameters, which need to be optimised, are identified.

2. Software framework
An overview of the principle work flow of the software tool is
shown in Fig. 1. Three important stages are highlighted in grey.
Two of those, i.e. the sensitivity analysis and optimisation of
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Fig. 1. Flow chart of the optimisation method.

parameters, are implemented as two modules in the tool. In contrast the third, the selection of the parameter bounds, is limited
by the model formulation and potential measurement errors and
requires further user input as is elaborated in [15].
The software tool is in fact a graphical user interface (GUI)
wrapped around an incremental driver, developed by [16,17],
using the Python PyQt library. The incremental driver enables
probing the constitutive model on a single integration point level
for arbitrary stress and strain paths and is compatible with the syntax of the user-defined material subroutine of ABAQUS, i.e. UMAT.
The implementation is universal where the Python code calls the
incremental driver, which is a standalone executable, see Fig. 2.
In principle any constitutive model implemented as a UMAT
library can be linked to the incremental driver, and hence the

Python wrapper. Furthermore, this enables straightforward expansion towards parallelisation with multiple threads, each one calling
an incremental driver. In the current implementation the number
of loading paths that can be evaluated is limited by the available
test data rather than computational limitations.
The Python GUI allows for easy access to additional libraries for
sensitivity analyses and model optimisation. The sensitivity
analysis tool to study the importance and sensitivity of parameters
of the constitutive model in the strain driver is implemented
using the Sensitivity Analysis Library, the SALib package [18].
The optimisation tool, to optimise model parameters against
experimental data, has been implemented via the Distributed
Evolutionary Algorithms in Python, DEAP, library [19]. Both tools
may be used for one loading path or multiple loading paths.

Fig. 2. Communication between the Graphical User Interface (GUI) wrapper script and the incremental driver.
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Although the tools are universal and in principle any constitutive model can be used, it is recommended to use a model that
in its basis has sufficient capabilities. An overly simple model, such
as e.g. Mohr Coulomb, is unable to capture the stress-strain curve
of any laboratory test. Furthermore, in principle, the model parameters are easily derived from the laboratory test at hand (but perhaps not consistent for different test types). Instead the presented
methodology is aimed at obtaining a consistent model parameter
set for an advanced hardening model that is able to capture a wide
range of loading paths.
3. Parameters and load tests
In this section, the model parameters are briefly described as
well as the three different sets of parameters used for the studies
(sensitivity and optimisation analysis). The loading cases used for
these two analyses are also presented.

sample quality. For the optimisation and sensitivity analysis, three
different sets of parameters are used and presented in Table 3 (Set
1, Set 2 & Set 3).
3.2. Description of load tests
Sensitivity analyses are performed for five different load paths
from classical geomechnical tests: Anisotropically Consolidated
Drained test in Compression (CADC) or Extension (CADE),
Anisotropically Consolidated Undrained test in Compression
(CAUC) or Extension (CAUE) and so-called 1D Constant Rate of
Strain test (CRS). Optimisation is performed only on CRS, CAUC
and CAUE. For the two triaxial drained tests (CADC and CADE), q
and ev ¼ ev ert þ 2elat are the output variables meanwhile for the
two triaxial undrained tests (CAUC and CAUE) these are p0 and q.
For the CRS test, the variables of interest are r0v ert and r0lat . For all
these strain controlled tests, the abscissa considered is the time t.
The displacement rate, the strain rate and the final strain applied
in each test simulation are as follows:

3.1. Description of the parameters
The Creep-SCLAY1S model is developed for slightly overconsolidated or normally consolidated soft clays. The CreepSCLAY1S model requires 14 model parameters divided into 11 soil
constants: the modified swelling index j , the Poisson’s ratio for
unloading/reloading m0 , the intrinsic parameter related to irrecoverable compression ni , the slope of critical state line in compression
Mc , the slope of critical state line in extension Me , the intrinsic modified creep index li , the reference time s, the absolute effectiveness
of rotational hardening x, the relative effectiveness of rotational
hardening xd , the absolute rate of destructuration a, the relative
rate of destructuration b, and three initial state variables: the stress
ratio corresponding to a normally consolidated state K nc
0 , the initial
preconsolidation pressure rp0 , the initial inclination of the reference surface a0 and the initial amount of bonding v0 (see Appendix
for more details on model parameters).
The reference time s is known (controlled during the laboratory
test) so that there is no uncertainty for this parameter, therefore s
will not be considered in the further analysis. K nc
0 will not be considered either as it is directly evaluated from the simplified Jaky’s
formulae [20], as well as xd which can be directly evaluated based
on the formulation of the model (see Appendix). The definition of
the measured parameters and their derivation are presented in
the Appendix, as well as some considerations about bounds for
K nc
0 and the effect of this parameter on the model. For other parameters, more information is available in [15].
From a literature review, minimum and maximum values for
the measurable parameters are presented in Table 1, as well as
their assumed measurement uncertainties. For rp0 , there is not a
range, as it depends largely on the depth of the soil sample and

 0.001 mm/min or 1.44%/day for the drained triaxial tests. The
final axial strain is 15% for the CADC and 10% for the CADE.
 0.01 mm/min or 14.4%/day for the undrained triaxial tests. The
final axial strain is 5%.
 0.0024 mm/min or 17%/day for the CRS tests. The final axial
strain is 30%.
The initial vertical effective stresses are respectively 46 kPa,
100 kPa and 50 kPa for Sets 1, 2 and 3. The initial horizontal effective stresses are respectively equal to 28 kPa, 60 kPa and 26 kPa for
the Sets 1, 2 and 3. The shear stresses are equal to zero for all tests.
In the CRS test simulations, the initial stress conditions are different with vertical and horizontal effective stresses equal to 5 kPa.
The load tests are plotted in Fig. 3.
4. Sensitivity and uncertainty analysis
First a brief overview of the method used is presented. Then the
results of the sensitivity analyses are discussed, and the important
parameters which needs optimisation are highlighted.
4.1. Description of the method
A sensitivity analysis is used first to rank model parameters by
their importance or their sensitivity regarding to different mechanical load paths. For analysis of the influence of the parameter on the
output, a distinction is made between uncertainty analysis (parameter importance) and sensitivity analysis (parameter sensitivity)
[21]. An ‘important’ parameter will be a parameter the uncertainty
of which contributes substantially to the uncertainty in the results,

Table 1
Description of the minimum and maximum values for measurable parameters, their assumed values of measurement uncertainties and the three parameter sets used for the
study.
Parameters

j ð102 Þ
m0
ni ð102 Þ
Mc
Me

rp0
v0
li ð103 Þ
x
a0
a
b

Min - Max

Derror%

Set 1

Set 2

0.7–4.4

20

2.5

1.5

3.5

0.10–0.35
1.5–25

20
10

0.20
6.00

0.20
9.80

0.20
5.60

0.8–1.7
0.6–1.1
5–100
0.1–6

5
5
20
20
20

1.30
0.90
61
20
1.5

1.50
1.10
115
4.0
3.0

1.67
1.07
65
13.0
1.40

-

-

33
0.42
10.0
0.40

14
0.58
8.0
0.20

30
0.67
12.5
0.35

Set 3
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Fig. 3. From the first row to the fifth row, the output of the model for the CADC, CADE, CAUC, CAUE and CRS test are plotted. The triangle, circle and square markers,
respectively refer to the Set 1, 2 and 3 of parameters with associated initial stresses conditions.

meanwhile a ‘sensitive’ parameter will be parameter highly correlated with the model output so that small changes in the input values may result in significant changes in the output of the model.
One should notice, that a sensitive parameter is not necessarily an
important parameter because it may be known precisely. For this
reason, two different ranges of uncertainties are used for the sensitivity analysis:
 Range 1: 10% of uncertainties is applied for all parameters in
order to investigate qualitatively which parameters are the
most correlated with the output (the most ‘sensitive’).
 Range 2: This range takes into account the assumed measurement uncertainties summarized in Table 1. The bounds used
for non measurable parameters such as a0 ; w; a and b are
derived from theoretical considerations in [15]. This range will
provide quantitatively the most ‘important’ parameters for a
real case based on best estimates for the measured uncertainties. Range 2 is also the range used for the optimisation process.
For more details on the values used for the range, see the
Appendix.
The Sobol method [22–26], implemented using the SALib package [18], is used. The Sobol method is a variance-based measure,

which is reliant on decomposing the variance of the output. Variance based methods are well suited to take parameters interactions into account. In order to look at the total influence of the
input parameters on the output, we are interested in the total
effect index ST [27,28], which is a measure of first and higher
effects (interactions) of parameters. The total effect index ST measures the contribution to the output variance of one parameter,
including all variance caused by its interactions, of any order, with
any other input parameters. Contrary to the Morris method [29],
which is used mostly to sort the parameter by their relative influence on the output, the Sobol method allows for an accurate quantification of the sensitivity.
In this study, the outputs are not single constant values but
evolving variables following a given loading path. To define the
output of our model as a scalar value, an error function is used
which defines the difference between the modelled and the reference behaviour. For one particular variable Y j , the error function
j
F err
ðX Þ is defined by:

j
F err
ðX Þ

2 
2 312
i

N  i
1 4X
Aref  Asol ðX Þ 5
¼



N i¼1 
Airef

ð1Þ
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X is the vector of input parameters, Aisol ðX Þ is ith interval area of
the model curve of the variable Y j for a given X; Airef is the ith interval area of reference (in general, it corresponds to a set of parameters with the nominal values), N is the number of intervals used to
discretise the data (see Fig. 4). In this study, the abscissa is the
time. The error function is made independent of the measurement
interval and minimised for steep gradients by considering the area
[14]. In case of n different variables Y 1 ; . . . ; Y j ; . . . ; Y n with a single
scalar output, the following error function F err ðX Þ is used to define
the scalar value output of our model:

F err ðX Þ ¼

"
#
n
1 X
j
F err
ðX Þ
n j¼1

ð2Þ

This error function is used in the sensitivity analysis to investigate the effect of changing parameters X on the difference between
model outcome and the reference data. The same error function is
used for the optimisation process. For the sensitivity analysis presented next, a single scalar output is used for each load test (n = 1).
For the optimisation, two (CRS, CAUC) or three load tests (CRS,
CAUC, CAUE) are used to calculate the error function.
4.2. Results of the analysis
The results from the Sobol method for the five different load
paths and two different ranges are plotted in Fig. 5. On this Figure,
the mean result value of the three different sets is plotted. Then, for
each loading path, the parameters are ranked from the most sensitive/important to the least sensitive/important in Table 2. Interestingly, for all loading paths and both ranges, v0 and li have a
negligible effect on the model output.
Fig. 5 shows the results for Range 1 and Range 2 for the five different load tests. Firstly, the results corresponding to Range 1 are
discussed. rp0 is a very sensitive parameter for all loading paths.
For extension tests (CADE and CAUE), similar trends are observed
with rp0 ; M e ; M c ; j ; m0 ; a0 and w as the most sensitive. Interestingly, x, which controls the rate of rotation of the stress surface,
is not as sensitive as the other parameters. For compression tests
(CADC, CAUC and CRS), similar trends are observed with
rp0 ; Mc ; ni as the most sensitive parameters. a is relatively important in CADC and CRS tests whereas a0 is quite important for the
CAUC test. It is interesting that ni is the most sensitive parameter

in the CRS tests, where j is also quite sensitive. The structure
parameters such as v0 ; a and b have negligible influence for
undrained tests, but have some influence in the drained tests. This
is due to the low strain levels considered (5%) with only limited
destructuration. Similar trends are observed for Range 1 and Range
2 where in most cases the most sensitive parameters are also the
most important, only the ranking differs. There are some notable
differences, however:
 x is an important parameter in the extension tests (Fig. 5A and
C). This is partly due to the fact that this parameter has a big
uncertainty range and partly due to large degree of fabric rearrangement in such loading path.
 a and b are more influential for Range 2, notably in compression
tests (Fig. 5B and D). a has a small impact for undrained tests
with no volumetric strain ev , hence overall b has a bigger
impact.
 ni is not the most important parameter in the CRS loading path.
It was the most sensitive regarding Range 1. This is due to smaller measurement uncertainties.
 M c or M e are not very important parameters, as they may be
measured rather accurately in the laboratory and are independent of any sample destructuration. M c has still some importance in the CADC tests.
Finally, j ; m0 ; ni ; rp0 ; x; a0 ; a and b are important parameters
and may require further optimisation or an improvement on the
measurement accuracy (for the measurable parameters). For
example, the measurement of ni and m0 may be improved with high
quality tests on high quality samples. The other parameters seem
to have no importance for the measurement accuracy of Range 2,
it is then possible to fix them. Considering the results on different
load paths, the number of optimised parameters will also depend
on the engineering problem. When compression behaviour is dominant, the parameters related to anisotropy and its evolution, x
and a0 , may not be needed to be optimised. If, on the other hand,
compression and extension paths are equally important, more
parameters need to be considered for optimisation (or measured
accurately). K nc
0 may be important as well when it is included as
a separate parameter (see Appendix).
5. Optimisation
First, an overview of the Genetic Algorithms is presented. Then,
the non-uniqueness of the solution is highlighted with an example.
Finally, a method is proposed to obtain the desired parameters
from the optimisation, and the results are discussed.
5.1. Genetic algorithm description

j
Fig. 4. Illustration of the calculus of F err
ðX Þ corresponding to variable Y j . On each
interval, the area between the two curves Aisol ðX Þ  Airef is divided by the area of the
i
reference data Aref . This figure is an illustration for the ith interval.

Genetic Algorithms are originally developed by [30]. In a genetic
algorithm, a population of individuals is evolved towards better
solutions of an optimisation problem. Each individual contains
genes (here parameters of the model). The evolution starts from a
population of randomly generated individuals and evolve towards
a population with reduced value of the fitness of each individual.
The fitness is the value of the objective function (in this study, it
is defined by the error function presented in Eq. (2)). Each iteration
is called a generation. The population evolves using a combination
of selection, crossover and mutation operators specific to each
genetic algorithm. The crossover operator is an operator which
allows individuals to share their genes. The mutation operator
allows a mutation of the genes of the individual (values of some
parameter may change occasionally from one generation to other).
The selection process which selects the individuals for the next
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Fig. 5. Results of the sensitivity analysis for different loading paths with two ranges of uncertainties. Range 1 and Range 2 are, respectively, represented by solid circle and
empty square.

Table 2
Most sensitive and most important parameters ranked by their order of importance
for different loading paths.
Loading Path

Range 1: most sensitive

Range 2: most important

CADE
CADC
CRS
CAUE
CAUC

rp0 ; Me ; Mc ; j ; m0 ; a0 ; x
rp0 ; Mc ; ni ; a
ni ; rp0 ; a; Mc ; j
rp0 ; Me ; a0 ; j ; m0 ; Mc
rp0 ; Mc ; ni ; a0

x; rp0 ; a0 ; j ; m0 ; a; b
rp0 ; a; b; Mc ; ni
a; rp0 ; ni ; b; j
rp0 ; a0 ; x; j ; m0
rp0 ; b; a0 ; a

generation is often based on the fitness value. Commonly, the
algorithm terminates when, either a maximum number of generations has been produced, or a satisfactory fitness level has been
reached for the population. For the optimisation process, a modified
version [31] of the popular NSGA-II genetic algorithm [32] is used
and implemented via the Deap library [19]. This alternative
formulation prevents premature convergence in comparison to
the previous versions providing additional diversity. This algorithm

is a non-dominated multi-objective algorithm, which works reasonably well up to two or three objective functions. This algorithm
is also suited for mono-objective optimisation problems [33].

5.2. Difficulties in optimisation
One difficulty when dealing with optimisation of several
parameters is to find a unique set of parameters. When the number
of parameters to be optimised n is larger than the number of output variables m, a unique solution for the parameters is impossible.
The parameters j ; m0 ; ni ; a; b; rp0 ; x and a0 were optimised
against reference data of q and p0 as a function of time t from a single CAUC test. Range 2 of parameters is used for the optimisation
process. The reference data was created from the model using a
set of reference parameters X ref (Set 1). The initial horizontal and
vertical effective stress were, respectively, 28 kPa and 46 kPa.
Two cases were considered. In Case 1, the reference data was
exactly the generated artificial data from the model. In Case 2, 5%
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Table 3
Description of the three different parameter sets and their range used in the sensitivity analysis and optimisation.
Parameters

j ð102 Þ
m0
ni ð102 Þ
Mc
Me

rp0
v0

li ð103 Þ
x
a0
a
b

Set 1

Set 2

Set 3

Range 1

Range 2

Range 1

Range 2

Range 1

Range 2

2.25–2.75

2.0–3.0

1.35–1.65

1.20–1.80

3.15–3.85

2.80–4.20

0.18–0.22
5.40–6.60

0.16–0.24
5.40–6.60

0.18–0.22
8.82–10.78

0.16–0.24
8.82–10.78

0.18–0.22
5.04–6.16

0.16–0.24
5.04–6.16

1.17–1.43
0.81–0.99
54.9–67.1
18–22
1.35–1.65

1.23–1.36
0.85–0.94
48.8–73.2
16–24
1.20–1.80

1.35–1.65
0.99–1.21
104–127
3.6–4.4
2.7–3.3

1.42–1.57
1.04–1.15
105–138
3.2–4.8
2.4–3.6

1.50–1.84
0.96–1.18
58.5–71.5
11.7–14.3
1.26–1.54

1.58–1.75
1.06–1.12
55.0–78.0
10.4–15.6
1.12–1.68

29.7–36.3
0.38–0.46
9.0–11.0
0.36–0.44

1–40
0.37–0.52
4.8–19.6
0–1

12.6–15.4
0.52–0.64
7.2–8.8
0.18–0.22

1–28
0.43–0.62
3.5–14.8
0–1

27–33
0.60–0.74
11.3–13.8
0.32–0.39

1–44
0.50–0.72
5.3–21.7
0–1

random noise is added to the reference data to better reflect nonperfect experimental data. This noise amplitude represents the largest scatter encountered in a typical laboratory test. Scatter inbetween laboratory tests due to e.g. heterogeneity, sample disturbance will be partly mitigated by the mono-objective multiobjective optimisation process as all tests have some sensitivity
to most parameters. For each case, nine different optimisation processes were performed resulting in nine different set of parameters
solution. The evolution of q and p0 as a function of t simulated with
these nine sets of parameters is plotted in Fig. 6b for smooth data
and in Fig. 6d for noisy data. The curves simulated with the optimisation parameters are very close to the reference data with errors
less than 0.05% for smooth data and less than 1.67% for noisy data.
In Fig. 6a and c, nine curves are plotted (corresponding to the nine
different sets of parameter solutions, respectively, for smooth data


X X
and noisy data) to represent the relative variation optX ref ð%Þ of
ref

each parameter solution X opt from its corresponding reference
parameter X ref . Clearly, the set of parameter solutions is nonunique, meanwhile the error between the model with optimisation
parameters X opt and with reference parameters X ref is very small.
For some parameters, such as rp0 ; a0 or ni the optimisation results
are quite similar when comparing different runs, whereas for
parameters a; b or x the results present some disparities. These
results corroborate the sensitivity analysis, and it is quite logical
that the most sensitive parameter for this test (CAUC test) are predicted best. Fig. 6a and c, clearly show that a; b and ni , which are
parameters related to the size of the reference surface, are highly
correlated. Notably, in Fig. 6a and c, the smaller the value a, the
bigger the value b and ni , and the bigger is a, the smaller are b
and ni . The combination of these three variables seems more
important than their individual values, highlighting a possible
inconsistency in the model.

Fig. 6. Subplots (a) and (c) represent the variability of the parameter solution for nine different optimisation runs for smooth and noisy data, respectively. In subplots (b) and
(d), the reference data and the simulated data corresponding to the nine parameter sets solution for the CAUC test are plotted. The evolution of p0 and q are, respectively,
plotted in gray and dark gray.
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1 Optimisation for loading in compression and extension by
optimising rp0 ; ni ; j ; m0 ; a; b; x and a0 . K nc
0 may be adjusted or
optimised if there is poor agreement with Jaky’s relation. The
optimisation of these parameters is conducted by comparing
model data to reference data from CRS, CAUC and CAUE tests.
These represent five different variable measurements: rxx (vertical effective stress) for CRS and q and p0 for CAUC and CAUE
tests.
2 Optimisation for mainly compressive load paths, optimising
rp0 ; ni ; j ; a and b. Again K nc
0 might be adjusted if deemed necessary. The optimisation of these parameters is conducted by
comparing model data to reference data from CRS and CAUC
tests. These incorporate three different variable measurements:
rxx for CRS and q and p0 for CAUC tests.

Fig. 7. Model output for the CRS test using the nine optimized parameter set
solutions of the CAUC test.

When comparing the results of the model using previous optimised parameters X opt and reference parameters X ref for a different
loading path (CRS test), however, it becomes obvious that the
results are not anymore similar (see Fig. 7). Parameters a and b that
are sensitive parameters for the CRS test were not so sensitive for
the CAUC test. Therefore, a method is proposed to optimise the
important parameters using the most appropriate load paths.

5.3. Design of the optimisation process
For the optimisation of a; b; ni , it seems appropriate to include
the CRS test for which these parameters are more sensitive. For
x and a0 , and m0 a triaxial extension test is required. A CRS test
or triaxial extension test is appropriate for j . rp0 is sensitive for
most tests. Two different configurations were studied:

In both cases the optimisation process compares the model
with clean and noisy artificial data (5% random noise superimposed). The number of parameters to optimise is larger than the
number of measurements or error functions, hence a unique solution is unattainable. More tests would give a better definition of
the parameters, however, from a practical point of view that would
increase the optimisation time and reduce the applicability in engineering practice. No drained triaxial tests are considered here, as
these tests are rarely conducted for soft soils.
5.4. Results of optimisation
First of all, it is noted that the optimisation process converges.
For both configurations, the error function is very small with less
than 1.7% of error for noisy data (which is less than the 5% added
noise amplitude) and less than 0.5% for smooth data. Variability
of the parameter solution for different configuration and noisy
and smooth reference data are presented in Fig. 8. Generally, it
seems quite surprising that adding noise reduces the variability
of the parameter solution, except for parameters j and m0 , which
were more stable with smooth data. For Configuration 1, taking

Fig. 8. Variability of the parameter solution for nine different optimization run for Configuration 1 & 2 with smooth and noisy data.
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into account the extension path, eight parameters were optimised:
rp0 ; ni ; j ; m0 ; a; b; x and a0 . It is observed that the values obtained
for rp0 ; j ; m0 ; x and a0 are quite stable with optimised values close
to the reference data. Concerning, ni ; a and b, much more variation
from the reference values is observed.
Configuration 2 shows similar results, where the five following
parameters were optimised: j ; ni ; a; b and rp0 . The values
obtained for j and rp0 are very close to the reference values for
all tests. This time values for ni ; a and b show more variation.
Fig. 8 clearly shows that these three variables related to the
evolution of the size of the reference surface are highly correlated.
When ni is large, a is small and b is large. For the paths tested, the
combination of these three variables is more important than each
single value. One possibility is to consider ni as a fitting parameter,
but in that case issues could probably arise when all the structure
is erased and no effect from a and b is present.
In both configurations it would be best to run several optimisation processes, and to keep the ones with the lowest error function,
as for those, the optimisation parameters are the closest to the reference set of parameters. One solution may also be to measure ni
with more accuracy and hence not having to optimise it.

6. Conclusions
A new comprehensive toolkit is introduced where a generic
software wrapper, written in Python, is used to run an incremental
driver originally developed by [17]. The incremental driver allows
for testing arbitrary strain and stress paths for any constitutive
model implemented in UMAT format. The wrapper implements
the sensitivity and optimisation libraries so that (i) the important
and sensitive model parameters as function of loading path can
be identified for (ii) further optimisation (calibration) using
mono-objective or multi-objective optimisation against laboratory
data. Furthermore, it is demonstrated for a complex non-linear
model with 14 parameters that this procedure is successful using
only a limited number of loading paths that are easily obtained
from standard element level laboratory tests. Simulations with
artificial data, both with and without added noise that simulates
the maximum experienced uncertainties in laboratory data,
demonstrate the robustness of the method. The expectation is that
the method will work well with real data.
First, the assessment of the most important parameters of a
complex rate-dependent model for natural soft clays is made,
using two types of sensitivity analyses for different classical
geotechnical tests (CADC, CADE, CAUC, CAUE, CRS). These sensitivity analyses used three different parameter sets (with typical values for soft clays), and initial stress conditions. All these analyses
show similar trends highlighting the most important parameters
for each test (i.e. loading path). Based on this analyses, certain
parameters were identified to be the most important parameters
for design involving both loading paths in compression and extension representing e.g. deep excavations and deep foundations
(Configuration 1) and a subset of these parameters were identified
to be the most important parameters for design mainly involving
loading paths in compression such as embankments (Configuration
2). The optimisation, using a genetic algorithm, was ran using three
different geomechanical tests to optimise parameters for Configuration 1 (CAUE, CAUC and CRS), and two tests to optimise parameters of Configuration 2 (CAUC and CRS). The optimisation was
performed by comparing the model data with artificial data sets
in order to verify the optimisation procedure. Both optimisation
processes converge well with error functions less than 0.5%. Some
parameters are very stable and very close to the real values of
parameters, however, three model parameters presented some
disparities, indicating high correlation between these three

parameters, identifying a potential shortcoming in the model formulation. If the best solutions of multiple runs are, however,
selected the original values for these interdependent parameters
are retrieved with sufficient accuracy. Consequently, it is suggested
to execute several optimisation runs and keep the one with the
lowest error function.
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Appendix A
A.1. Anisotropy parameter xd

xd is related to the relative effectiveness of rotational hardening expressed by [34]:


3 4M2c  4g2K nc  3gK nc
0
0

wd ¼ 
8 g2K nc  M 2c þ 2gK nc
0

ð3Þ

0

where g is the value of stress ratio corresponding to a normally

 

nc
nc
consolidated value of K nc
0 . gK nc = 3 1  K 0 = 1 þ 2K 0 . Here, this
K nc
0

0

derived value of xd is used in the model and consequently xd is
eliminated as input parameter.
A.2. Elastic parameters

j and m0

The modified swelling index j is the slope of the ev  ln p0
curve in the elastic domain, with p0 the mean effective stress. j
may vary for sensitive clays, but for modelling purposes, its largest
value may be used [35] in order to be conservative. In practice, the
isotropic modified swelling index j is often calculated from the
one dimensional swelling index C s measured in the e  log r0v ert
plane during oedometer tests assuming K 0 equal to 1 and m0 equal
to 0.2:

j 

2
Cs
2:3 ð1 þ e0 Þ

ð4Þ

As the one-dimensional unloading is not at constant stress ratio,
the link between C s and j is not so obvious [36]. Then if j is
derived from such a test will have a lot of uncertainties. It is also
important to notice that j presents an unloading/re-loading hysteresis. In that case a choice needs to be made corresponding to the
problem we are dealing with.
m0 , the Poisson’s ratio for elastic unloading/reloading, is assumed
to be constant.
A.3. Compressibility parameter ni
ni is equal to ki  j and is an intrinsic parameter related to
irrecoverable compression. ki , the modified intrinsic compression
index, is the slope of the intrinsic compression line in ev  ln p0
plane (see Fig. 9). It can be measured from re-constituted soil samples or for undisturbed samples at (very) high stresses (assuming
all the bonds are erased for high stresses). ki could also be assessed
from the slope of the intrinsic compression line in e  log r0a plot
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Fig. 9. Definition of k ; ki and

j .

Fig. 10. Definition of l . For high value of stress or for reconstitued sample, when
all the structure is erased, l ! li .

usually called the intrinsic compression index C ci . The relation
between ki and C ci is:

ki ¼

C ci
2:3ð1 þ e0 Þ

ð5Þ

A.4. Critical state parameters M c and M e
A Lode angle formulation is used to differentiate between the
critical state line in triaxial extension M e and in triaxial compression M c . Both are the ratio between the deviator stress
and
the
effective
mean
stress
q ¼ ðrv ert  rlat Þ


p0 ¼ 1:=3: r0v ert þ 2r0lat when critical state is reached in a triaxial
test following, respectively, an extension or compression loading
path. For high quality test execution on natural samples, it is estimated that the experimental assessed values have uncertainties in
the order of 5%.
A.5. The vertical pre-consolidation pressure

rp0

The vertical pre-consolidation pressure rp0 is required to determine the initial size of the Normal Compression Surface (NCS), representing the boundary of small and large irrecoverable strains.
The experimental assessment of the pre-consolidation pressure is
generally made in the semi-logarithmic plane (void ratio log rv ert ). It is assumed that the value measured experimentally
has an uncertainty of 20%.
A.6. Creep parameters

¼

li p0eq
s p0p

!b

ð6Þ

li , the intrinsic modified creep index, is the slope of the curve in the
v  ln t plane, after the end of the consolidation process (see
Fig. 10). It is an intrinsic parameter, i.e. it should be derived from
data where all the structure is erased (for large values of stress or
tests on reconstituted soil samples). li is the limit value of the slope
of the curve in the v  ln t when t is increasing (see Fig. 10). It could
be also derived from the intrinsic secondary compression index
C ai ; C ai ¼ De=D log t, by:

li

C ai
¼
2:3ð1 þ e0 Þ

A.7. Structure/bonding parameters

v0

As a first approximation, the value of the initial bounding
may be derived from the sensitivity St as follows [38]:

v0 ¼ St  1

v0
ð8Þ

The sensitivity of a soil, i.e. the ratio between the undisturbed
peak strength between and the remoulded strength can be measured in several ways: field or laboratory vane, Swedish fall-cone
test.
A.8. The stress ratio corresponding to a normally consolidated state K nc
0

li and s

Considering 1D oedometer conditions, the volumetric creep
strain rate _ v is given by a power law as follows:

_ v

There is a high probability that the real value of li is smaller
than the value derived from experimental data. Indeed, we are
not sure to have attained the intrinsic state completely, and sometimes the slope of the curve in the v  ln t is still decreasing at the
end of the test.
The reference time is the duration of the load step in the
oedometer test used to obtain the initial pre-consolidation pressure. For example, if the initial normally pre-consolidation pressure is derived from a standard oedometer test loaded with 24 h
load steps, the reference time s is set to one day [37]. Then, given
appropriate test execution, the value of s is known with high precision and does not need optimisation or sensitivity analysis. The
value of li should be derived using the same time unit as for the
description of the reference time s.

K nc
0 can be deduced from the simplified Jaky’s formula [20]:
0
K nc
0 ¼ 1  sin u

ð9Þ

where the friction angle u0 at critical state is related to Mc using
Mc ¼ 6 sin u0 =ð3  sin u0 Þ using the Mohr-Coulomb failure envelope. In that case, K nc
0 is not an additional optimisation parameter,
as it is directly derived from the value of Mc . K nc
0 can also be an additional parameter if Jaky’s relation gives unsatisfactory results. From
Eq. (3), gK nc should stay in the following range to avoid negative or
0

undetermined values for wd :



3

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9 þ 64M2c
8

< gK nc <
0

2 þ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 þ 4M 2c

ð10Þ

2

Bounds for K nc
0 are then directly related to gK nc bounds and plot0

ð7Þ

ted in Fig. 11a. In that case, adjusting K nc
0 will have two effects on
the output of Creep-SCLAY1S:
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nc
nc
nc
nc
Fig. 11. (a):Bounds for K nc
0 as a function of M c (M c varies from 0:8 to 1:6). (b): wd as a function of K 0 (K 0 varies from K 0 Jaky to almost K 0 max) for different values of M c .

 It will change the value of the initial isotropic pre-consolidation
pressure pm ,
 It will affect the relative importance of creep deviatoric strains
on the rotation of the stress surface by modifying wd (Eq. (3)).
Indeed, if K nc
0 is calculated from Jaky’s formula, wd remains in
a range between 0.5 and 2 for Mc in the range 0.8–1.63, but if
K nc
0 increases wd increases (see Fig. 11b) and will have a larger
influence on the rotation of the surfaces. It would be interesting
to check the importance of this parameter, for example for an
undrained extension test where significant rotation is expected
due to plastic (creep) deviatoric strains.
A.9. Ranges used for optimisation and sensitivity process values for the
three set of parameters
The values of the range used for the three sets of parameters for
the optimisation and sensitivity analysis are presented in Table 1.
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